Bounds on chaos from the eigenstate thermalization hypothesis by Murthy, Chaitanya & Srednicki, Mark
Bounds on chaos from the eigenstate thermalization hypothesis
Chaitanya Murthy∗ and Mark Srednicki†
Department of Physics, University of California, Santa Barbara, CA 93106
(Dated: June 27, 2019)
We show that known bounds on the growth rates of operator complexity and the out-of-time-
order four-point correlator in chaotic many-body quantum systems follow directly from the general
structure of operator matrix elements in systems that obey the eigenstate thermalization hypothesis.
This ties together two key paradigms of thermal behavior in isolated many-body quantum systems.
In recent years there has been renewed interest in vari-
ous ways of quantifying the rates of runaway growth pro-
cesses in quantum chaotic many-body systems. One par-
ticular quantity that has been studied extensively is the
thermally regulated four-point out-of-time-order (OTO)
correlator [1–3]
Foto(t) := Tr
[
ρ1/4A(t)ρ1/4A(0)ρ1/4A(t)ρ1/4A(0)
]
, (1)
where A(t) = eiHtAe−iHt is a local operator in the
Heisenberg picture, ρ = e−βH/Z is a thermal density op-
erator at inverse temperature β, and Z = Tr e−βH is the
partition function. (We set h¯ = kB = 1 throughout.) For
systems with a scrambling time (also called the Ehrenfest
time) ts that is large compared to the dissipation time td
that governs the exponential decay rate of the two-point
correlator, we expect, for times td  t ts,
Foto(t) ∝ 1− eλ(t−ts), (2)
where λ is a Lyapunov-like growth rate. Under certain
assumptions, Maldecena et al. [3] proved the bound
λ ≤ 2pi/β. (3)
More recently another type of growth rate has been
introduced by Parker et al. [4]. These authors define an
inner product on operators
(A|B) := Tr[ρ1/2A†ρ1/2B], (4)
and consider a hermitian superoperator, the Liouvillian
L, defined via
L|A) := |[H,A]). (5)
They then perform Gram-Schmidt orthonormalization
on Ln|A). The resulting orthonormal states |n), n =
0, 1, . . ., form the Krylov basis. The Liouvillian is tri-
diagonal in this basis, with vanishing diagonal elements,
and generically nonzero first-off-diagonal elements given
by the Lanczos coefficients
bn := (n−1|L|n) = (n|L|n−1), (6)
where the phases of the Krylov basis states have been
chosen to make each bn real and nonnegative. Parker et
al. argue that for sufficiently chaotic systems, the asymp-
totics of the Lanczos coefficients at large n are given in
the infinite-volume limit by
bn = αn+O(1), (7)
where the coefficient α > 0 is interpreted as an operator
complexity growth rate. They further argue that this
growth rate is bounded by
α ≤ pi/β. (8)
Our purpose is to derive Eqs. (3) and (8) directly
from the eigenstate thermalization hypothesis (ETH) [5–
9], which has become a key paradigm for understanding
the emergence of thermal behavior in many-body quan-
tum systems with sufficiently strong interactions and no
disorder (or, more generally, disorder that does not result
in many-body localization [10]).
According to ETH, the matrix elements of a local ob-
servable A in the energy-eigenstate basis, H|i〉 = Ei|i〉,
take the form
Aij = A(E)δij + e−S(E)/2f(E,ω)Rij , (9)
where E = (Ei + Ej)/2 is the average energy of the
two eigenstates, ω = Ei − Ej is the energy difference,
A(E) = Tr ρA with β fixed by E = Tr ρH, S(E) is
the thermodynamic entropy (logarithm of the density of
states) at energy E, f(E,ω) is a smooth, real function of
its two arguments with f(E,ω) = f(E,−ω), and Rij is
a hermitian matrix of erratically varying elements, with
overall zero mean and unit variance in local ranges of E
and ω. It is consistent (as will be seen below) to treat E
as an extensive quantity and ω as an intensive quantity.
It is most convenient to work with an observable A
for which A(E) = 0, either due to a symmetry, or by
choosing A = i[H,B], where B is some other operator
with the ETH matrix-element structure, or simply by
subtracting Tr ρA from A; we therefore take A(E) = 0
from here on.
Consider a particular two-point correlator for a single
observable A at inverse temperature β,
F2(t) := Tr
[
ρ1/2A(t)ρ1/2A(0)
]
. (10)
Equivalently, F2(t) = (A(t)|A(0)) in the notation of
Eq. (4). Inserting two complete sets of energy eigenstates
ar
X
iv
:1
90
6.
10
80
8v
1 
 [c
on
d-
ma
t.s
tat
-m
ec
h]
  2
6 J
un
 20
19
2and using Eq. (9) with A(E) = 0, we have
F2(t) =
1
Z
∑
ij
e−S(E)−βE |f(E,ω)|2eiωt|Rij |2. (11)
We replace |Rij |2 with its statistical average 1, and then
write each sum as an integral with a suitable density of
states,
∑
i →
∫∞
0
dEi e
S(Ei). Using Ei,j = E ± ω/2, we
get
F2(t) =
1
Z
∫
E
∫
ω
eS(E+ω/2)+S(E−ω/2)−S(E)−βE
× |f(E,ω)|2eiωt, (12)
where
∫
E
:=
∫∞
0
dE and
∫
ω
:=
∫ +∞
−∞ dω. We now assume
(and later verify) that f(E,ω) falls rapidly enough at
large ω that we can expand the exponent in powers of ω,
S(E ± 12ω) = S(E)± 12S′(E)ω + 18S′′(E)ω2 + . . . , (13)
which yields
F2(t) =
1
Z
∫
E
eS(E)−βE
∫
ω
eS
′′(E)ω2/4eiωt|f(E,ω)|2.
(14)
We do the E integral by Laplace’s method; this fixes E to
be the solution of S′(E) = β, which is the usual thermo-
dynamic relation between energy and temperature. We
can then also identify S′′(E) = −β2/C, where C is the
heat capacity of the system at inverse temperature β.
The remaining integral over E yields a factor of the par-
tition function Z. We therefore find
F2(t) =
∫
ω
e−β
2ω2/4Ceiωt|f(E,ω)|2. (15)
Next we note that Tr
(
ρA2
)
is equal to F2(± iβ2 ), and
this should be a finite quantity. In the infinite-volume
limit, C →∞, and we have
Tr
(
ρA2
)
=
∫
ω
eβω/2|f(E,ω)|2. (16)
For this to be finite, f(E,ω) must fall at large |ω| at least
as fast as
f(E,ω) ∼ exp(−β|ω|/4). (17)
Next we consider the general four-point correlator for
a single observable A at inverse temperature β,
F4(t1, t2, t3) := Tr
[
ρ1/4A(t1)ρ
1/4A(t2)ρ
1/4A(t3)ρ
1/4A(0)
]
.
(18)
Inserting four complete sets of energy eigenstates, we
have
F4 =
1
Z
∑
ijkl
e−βEei(ω1t1+ω2t2+ω3t3)AijAjkAklAli, (19)
where E := 14 (Ei + Ej + Ek + El), ω1 := Ei − Ej , ω2 :=
Ej − Ek, ω3 := Ek − El. We use Eq. (9) with A(E) = 0
for Aij . We then replace RijRjkRklRli by its statistical
average, which, following the general analysis of Foini
and Kurchan [11], we take to be
RijRjkRklRli = δik + δjl + e
−S(E)g(E,ω1, ω2, ω3). (20)
Here the first two terms account for the fact that for
i = k or j = l the left-hand side reduces to the product
of the absolute square of two R’s, and then the statistical
average is 1. The final term accounts for exponentially
small correlations between different R’s, which are gener-
ically present. We then replace the sums by integrals,∑
i →
∫
Ei
eS(Ei), expand the entropies to linear order
about E, change the integration variables to E and the
three ω’s, and perform the integral over E by Laplace’s
method. The final result, in the infinite volume limit, is
F4(t1, t2, t3) = F2(t1 − t2 + iβ4 )F2(t3 + iβ4 )
+ F2(t1 − iβ4 )F2(t3 − t2 − iβ4 )
+ F4C(t1, t2, t3), (21)
where the connected part of the four-point function is
F4C(t1, t2, t3) =
∫
ω1···ω3
ei(ω1t1+ω2t2+ω3t3)f(ω1)f(ω2)
× f(ω3)f(−ω1 − ω2 − ω3)
× g(ω1, ω2, ω3). (22)
Here we have suppressed the E dependence of f and g.
Next we note that
Tr
(
ρA4
)− 2[Tr(ρA2)]2 = F4C(− iβ4 ,− iβ2 ,− 3iβ4 ) (23)
should be a finite quantity. Given Eq. (17), convergence
of the integral over ω3 in Eq. (22), with ω1 and ω2 fixed,
requires that g(ω1, ω2, ω3) must fall at large |ω3| at least
as fast as
g(ω1, ω2, ω3) ∼ exp(−β|ω3|/4). (24)
We now turn our attention to the operator complexity
growth rate of Ref. [4]. Using Eq. (9) with A(E) = 0, we
have
[H, . . . [H,A] . . .]ij = e
−S(E)/2f(E,ω)ωnRij , (25)
where n is the number of commutators. It follows that
(LmA|LnA) = 1
Z
∑
ij
e−S(E)−βE |f(E,ω)|2ωm+n|Rij |2.
(26)
This is the same as Eq. (11) for F2(t) but with e
iωt re-
placed by ωm+n, and so the same analysis yields the ana-
log of Eq. (15),
(LmA|LnA) =
∫
ω
e−β
2ω2/4C |f(E,ω)|2ωm+n. (27)
3Thus the problem of orthonomalization of Ln|A) be-
comes the problem of finding orthonormal polynomials
on (−∞,∞) with the even weight function
W (ω) = e−β
2ω2/4C |f(E,ω)|2. (28)
As noted in Ref. [4], the asymptotics of the Lanczos co-
efficients at large n are fixed by the asymptotic behavior
of W (ω) at large ω; specifically [12]
W (ω) ∼ exp(−c|ω/α|ν) ⇔ bn ∼ αn1/ν , (29)
where c is a constant depending on ν. Therefore, achiev-
ing bn ∼ αn requires ν = 1, for which c = pi/2 [12], and
hence W (ω) ∼ exp(−pi|ω|/2α). This is compatible with
Eq. (28) only in the infinite-volume limit, with C → ∞.
Eq. (17) for the large |ω| behavior of f(E,ω) then implies
that α must obey the bound of Eq. (8): α ≤ pi/β.
Finally, we turn our attention to the OTO four-point
correlator Foto(t) := F4(t, 0, t), which is given by
Foto(t) = 2 Re[F2(t+
iβ
4 )
2] + F4C(t, 0, t). (30)
For times large compared to the dissipation time td,
which itself should be comparable to or larger than β,
the first term in Eq. (30) will have decayed to a negligi-
ble value, and we can replace Foto(t) with its connected
part Fotoc(t) := F4C(t, 0, t). We will be interested in the
Fourier transform of Fotoc(t), given by
F˜otoc(ω) :=
∫ +∞
−∞
dt
2pi
e−iωtFotoc(t)
=
∫
ω1, ω2
f(ω1)f(ω2)f(ω − ω1)f(−ω − ω2)
× g(ω1, ω2, ω − ω1). (31)
From the large frequency behavior of f and g specified
by Eqs. (17) and (24), we can infer that F˜ (ω) must fall
off at large |ω| at least as fast as
F˜otoc(ω) ∼ exp(−3β|ω|/4). (32)
To use this information, we need a more complete spec-
ification of the OTO correlator than is found in Eq. (2),
which applies only for intermediate positive times. As-
suming an exponential decay at late positive times, a
simple model is Fotoc(t) ∝ 1/(1 + z(t))η, where
z(t) := eλ(t−ts), (33)
and η is a positive real parameter. However this Fotoc(t)
is not time-reversal invariant, whereas Eq. (1) is. To
remedy this, and assuming λts  1, we make the ansatz
Fotoc(t) = NG(z(t))G(z(−t)), (34)
where we take G(z) = 1/(1 + z)η; later we will consider
other possibilities for G(z). The normalization constant
is N = Tr[(ρ1/4A)4]− 2(Tr ρ3/4Aρ1/4A)2. From the prod-
uct form of Eq. (34), it follows that the Fourier transform
is given by the convolution
F˜otoc(ω) = N
∫
ω′
G˜(ω − ω′)G˜(ω′). (35)
From this it follows that the large-ω behavior of F˜otoc(ω)
is the same as the large-ω behavior of G˜(ω). We find
G˜(ω) = e−iωts
Γ(η + iω/λ)Γ(0+ − iω/λ)
2piλΓ(η)
K(ω), (36)
where Γ(x) is the gamma function, and K(ω) = 1 has
been introduced for later convenience. Eq. (36) yields
F˜otoc(ω) ∼ G˜(ω) ∼ exp(−pi|ω|/λ) at large |ω|, indepen-
dent of η. Requiring this fall-off to be at least as fast as
Eq. (32), we find the bound λ ≤ 4pi/3β, which is more
stringent than Eq. (3).
Maldacena et al. [13] computed the OTO correlator for
a conformal field with dimension ∆ = η/2 via the AdS2
gravity dual. In our notation, their result is
G(z) =
∫ ∞
0
duh(u)(1 + uz)−η (37)
with h(u) = e−uuη−1/Γ(η). This yields Eq. (36) with
K(ω) =
∫ ∞
0
duh(u)uiω/λ. (38)
For the h(u) of Ref. [13], K(ω) = Γ(η + iω/λ)/Γ(η) ∼
exp(−pi|ω|/2λ), and hence F˜otoc(ω) ∼ exp(−3pi|ω|/2λ).
Requiring this fall-off to be at least as fast as Eq. (32),
we find the bound λ ≤ 2pi/β, the same as Eq. (3).
More generally, the bound λ ≤ 2pi/β holds if K(ω) ∼
exp(−cpi|ω|/2λ) with c ≤ 1 at large ω. The Paley–Wiener
theorem [14] implies that this will be the case if and only
if there is a value of θ ∈ [−pi/2, pi/2] such that∫ ∞
0
duu|h(eiθu)|2 =∞. (39)
For example, this is the case if h(u) ∼ ua exp(−buγ) at
large u with a ≥ − 12 , b ≥ 0 and γ ≥ 1. However, we have
not been able to connect the mathematical condition of
Eq. (39) to a physical property of the system.
We note that the scrambling time ts appears as the
period of an oscillation in the amplitude of F˜otoc(ω),
cf. Eqs. (35,36), that must have its origin in a cor-
respoding oscillation in the amplitude of g(ω1, ω2, ω3),
cf. Eq. (31). The underlying physics of this sort of os-
cillation in the four-point correlation of operator matrix
elements, cf. Eq. (20), is worthy of further exploration.
To conclude, we have derived the known bound of
Eq. (3) on the growth rate of the out-of-time-order
four-point correlation function, and the known bound
of Eq. (8) on the growth rate of operator complexity,
4directly from the structure of operator matrix elements
that follows from the eigenstate thermalization hypothe-
sis, Eq. (9).
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